Vortex filament model has become a standard and powerful tool to visualize the motion of quantized vortices in helium superfluids. In this article we present an overview of the method, and highlight its impact in aiding our understanding of quantum turbulence, and in particular superfluid helium. We also present new analysis of the structure and arrangement of quantised vortices. Our results are in agreement with previous studies that under certain conditions vortices form coherent bundles, which allows for classical vortex stretching, giving the quantum turbulence a classical nature.
INTRODUCTION
Turbulence in fluid flows is universal; from galactic scales, generated by supernova explosions, down to an aggressively stirred cup of coffee. There is no debate, turbulence is important, and yet no satisfactory theory exists. Turbulence is built by rotational motions, typically over a wide range of scales, interacting and mediating a transfer of energy to scales where it can be effectively dissipated. The motivation for Kuchemann's famous quote "vortices are the sinews and muscles of fluid motions" is clear. If this is true then quantum turbulence (QT) represents the skeleton of turbulence, and offers a method of attacking the turbulence problem in perhaps its simplest form.
QT is a tangle of discrete, thin vortex filaments, each carrying a fixed circulation. It is typically studied in cryogenically cooled helium [1, 2] , and more recently in atomic Bose-Einstein condensates [3] . These are examples of so-called quantum fluids, fluids where certain physical properties cannot be described classically, but depend on quantum mechanics. The quantisation of vorticity is one marked difference between quantum and classical fluids. Another is their two-fluid nature; they consist of a viscous normal fluid component and an inviscid superfluid component coupled by a mutual friction. The relative densities of these components is temperature dependent.
Despite these marked differences, it is now the consensus opinion that QT is capable of exhibiting many of the statistical properties of classical turbulence including the famed Kolmogorov scaling [4] . Hence, QT has the potential to offer new insights into vortex dynamics and the role that they play in the dynamics of turbulence. In addition QT offers many interesting problems in its own right. However quantum turbulence, more so than classical turbulence, suffers from poor visualisation of the flow in experiments, due to the extremely low temperatures involved. Hence numerical methods are necessary to aid our understanding of the structure of quantised vortices in different forms of turbulence, acting as guide for both experiments and theory. In this article we shall discuss a widely used numerical model of quantum turbulence, the vortex filament model.
VORTEX FILAMENT MODEL
In the vortex filament model (VFM) vortices in the superfluid component are considered as line defects where the phase changes by 2π when going around the core. In helium superfluids the coherence length is typically much smaller than any other characteristic length scale. Therefore the vortex filament model is very suitable and convenient scheme to visualize the vortex dynamics in helium superfluids. Within the vortex filament model the fluid velocity v s of the superfluid component is simply determined by the configuration of these quantized vortices and given by Biot-Savart law [5] :
Here the line integration is along all the vortices and κ = h/m is the circulation quantum. For 4 He m = m 4 is the bare mass of helium atom (boson). In case 3 He the condensation is made by Cooper pairs, and therefore m = 2m 3 . The Biot-Savart law expresses the Euler dynamics in integral form by assuming a fluid of constant density [6] .
Since the vortices are consider to be thin, the small mass of the vortex core can be neglected, and so at zero temperature vortices move according to the local superfluid velocity. Numerically, the Biot-Savart integral is easily realized by having a sequence of points that describe the vortex. The singularity, when trying to evaluate the integral at some vortex point, s, can be solved by taking into account that the vortex core size, denoted arXiv:1305.2753v1 [cond-mat.other] 13 May 2013 by a, is finite [5] :
(2) Here l ± are the lengths of the line segments connected to s after discretization, and the remaining integral is over the other segments, not connected to s. Termsŝ and s , where the derivation is with respect to arclengh, are (unit) tangent and normal at s, respectively. The first (logarithmic) term on the r.h.s is so-called local term, which typically gives the major contribution to v s . In the localized induction approximation (LIA) only this term is preserved (possibly adjusting the logarithmic term). This is numerically convenient because the work needed per one time step will be proportional to N which is the number of points used to describe the vortex tangle. Including also the non-local term will require O(N 2 ) operations. However, in many cases the non-local term is essential. For example, under rotation, the correct vortex array is only obtained when using the full Biot-Savart integral.
At finite temperatures the motion of quantized vortex is affected by mutual friction, which originates from scattering of quasipartices from the vortex cores. Typically the vortex motion can be described by using temperature dependent mutual friction parameters α and α , whose values are well known [7, 8] . Then the velocity of the vortex becomes [5] 
This is the so-called Schwarz equation which arises by considering the balance of magnus and drag forces acting on the filament. In general the normal fluid velocity, v n , should be solved self-consistently, such that vortex motion is allowed to affect the normal fluid. This can be done, as in [9, 10] , however the majority of studies in the literature have considered an imposed normal fluid, ignoring an influence of the superfluid on the normal fluid component, which is more achievable numerically. Indeed, this is reasonable approximation in 3 He, where the normal fluid has a viscosity similar to olive oil, and its motion is laminar. However it is not appropriate in 4 He, where the normal component is extremely inviscid. Unfortunately computational limits mean studies with full coupling have, up to now, had limited scope. For example in [10] the simulation was limited to an expanding cloud of turbulence, and no steady state was reached. What is clear is that the next breed of numerical simulations should seek to follow this work and try to understand the dynamics of the fully coupled problem.
The presence of solid walls will alter the vortex motion, since the flow cannot go through the walls. For viscous normal component one typically uses no-slip boundary condition, but for ideal superfluid the boundary condition is changed to no-flow through boundary, which implies that vortex must meet the smooth wall perpendicularly. For plane boundaries the boundary condition can be satisfied using image vortices, but with more general boundaries one has to solve the Laplace equation for the boundary velocity field potential [5] . This boundary velocity, plus any additional externally induced velocities must generally be included in v s and v n when determining the vortex motion using Eq. (3). If we are interested purely in homogeneous isotropic turbulence, or flow far from the boundaries then it is typical to work with periodic boundary conditions. These boundaries can also be approximated in the VFM by periodic wrapping; we duplicate the system on surrounding the computational domain with copies of itself, 26 in the case of a periodic cube for example. The contribution of these duplicate filaments is then included in the Biot-Savart integral Eq. (3).
Reconnections
Vortex reconnections are essential in quantum turbulence, allowing the system to be driven to a nonequilibrium steady state [11] . They also change the topology of the tangle [12] and act to transfer energy from three-dimensional hydrodynamic motion to onedimensional wave motion along the vortices [13] . This is important if we are to understand the decay of QT in the limit of zero temperature, which we discuss briefly towards the end of the article. Moreover, quantum vortex reconnections are not only important phenomena in quantum fluids, but are also relevant to our general understanding of fluid phenomena.
The VFM cannot directly handle vortex reconnections, because reconnections are forbidden by Euler dynamics. Therefore an additional algorithm must be used, which changes the topology of two vortices when they become close to each other, essentially a numerical 'cut and paste'. Several methods have been introduced to model a reconnection [11, [14] [15] [16] . Importantly, a recent analysis [16] has shown that all of these algorithms produce very similar results, at least in case of counter-flow turbulence. Microscopically a single reconnection event has been investigated by using the Gross-Pitaevskii model, which is applicable for Bose-Einstein condensates [17, 18] . A recent numerical simulation of this microscopic model, has shown that the minimum separation between neighbouring vortices are time-asymmetric, like in classical fluids [19] . The VFM, on the other hand, results a more timesymmetric reconnection, where the distance goes mainly like d ∝ κ|t − t rec | where t rec is the reconnection time [18, 20] . The prefactor, however, generally being somewhat larger after the reconnection event. This results from the characteristic curvatures, which are larger after a typical reconnection event [21] .
Interestingly the results from the VFM are more compatible with experimental results [22] , on the scaling of vortex reconnections. Although reconnections must be introduced 'by hand' in the VFM it seems that the model captures the essential physics, at least at scales which can currently be probed experimentally.
Tree-code
A potential drawback of the VFM is the computational time required to perform a simulation which captures the slowly evolving dynamics associated with the largest scale motions. Whilst the LIA is computationally advantageous it has been shown in a number of studies to be unsuitable for studying fully developed quantum turbulence [23] . However, as we have already alluded to, the inclusion of the non-local term in Eq. (2), means the scaling of the velocity computation is O(N 2 ). A similar problem was arose in the field of computational astrophysics, where calculations to compute the acceleration due to gravity also required O(N 2 ) operations. However, since the pioneering work of Barnes and Hut [24] , modern astrophysical and cosmological N-body simulations have made use of tree algorithms to enhance the efficiency of the simulation with a relatively small loss in accuracy [25] . The major advantage of these methods is the O(N log(N )) scaling which can be achieved. The essence of the method is to retain non-local effects but take advantage of the r −2 scaling in Eq. (2) . Hence the effect of distant vortices is reasonably small, and an average contribution can be used, if it is computed in a systematic way. A number of recent studies using the VFM have made use of similar tree algorithms [21, 26, 27 ] to achieve parameter regimes closer to that of actual experiments. It seems clear that tree methods, as in computational astrophysics, will become a standard addition to the VFM.
COUNTERFLOW TURBULENCE
The earliest experimental studies of quantum turbulence came in a series of groundbreaking papers by Vinen in the 1950s [28] [29] [30] [31] . In these experiments turbulence was generated by applying a thermal counterflow, where the normal and superfluid components flow in opposite directions. This is easily created by applying a thermal gradient, e.g. by heating the fluid at one end. The most common diagnostic to measure is the vortex line density, L = Λ/V , where Λ is the total length of the quantised vortices and V is the volume of the system, from this one can compute the typical separation between vortices, the inter vortex spacing = 1/ √ L. This can readily be measured experimentally using second sound [1] , and higher harmonics can probe the structure of the tangle.
Numerical simulations have played a crucial role in visualizing the structure of counterflow turbulence, and probing the nature of this unique form of turbulence, indeed it has no classical analogue. Some of the very earliest studies using the vortex filament method were performed by Schwarz [11] , however computational limitations meant he was forced to perform an unphysical vortex mixing procedure. A more recent study by Adachi et al. [23] made use of modern computational power and studied the dependence of the steady state vortex line density on the heat flux of the counterflow. Within the parameter range of the study, there was a good agreement with experimental results, vindicating the use of the vortex filament method for counterflow turbulence.
Adachi et al. also studied the structure of the vortex tangle and in particular the isotropy of the tangle as a function of temperature and heat flux. A more recent study by Baggaley et al. [21] probed the structure of the superfluid vortices in thermal counterflow by convolving the tangle with Gaussian kernel to identify any structures in the tangle. In contrast to counterflow, quantum turbulence generated by more conventional methods, such as mechanical stirring, exhibits the famous Kolmogorov scaling, E(k) ∼ k −5/3 [32] . It is expected [33] , and numerically has been observed [34] , that this k −5/3 scaling is associated with vortex bundling, which may mediate energy transfer in the inertial range. The study of Bagga- ley et al. [21] showed that this is not the case in counterflow, with the tangle being relatively featureless and consisting of random closed loops which leads to a featureless energy spectrum, without motion of many scales, which is the hallmark of classical turbulence. Figure 1 illustrates the relatively unstructured tangle of vortices from a numerical simulation of counterflow turbulence, here we evolve the vortices according to Eq. (3) with α = 0.206, α = 0.00834 (T=1.9K), v n = (1.25, 0, 0) cm/s; further technical details can be found in [21] .
Visualisation of the counterflow turbulence, and detailed analysis of the nature of the flow the vortices induce, also have direct consequences for analytic theories of quantum turbulence. For example, Nemirovskii et al. [35] considered the energy spectrum of the velocity field induced by a random set of quantised vortex rings, the analytic spectrum they predicted is quantitatively similar to the energy spectrum obtained numerically by Baggaley et al. [21] .
A particularly striking example, where the power to visualise quantum turbulence has helped to answer an apparent puzzle is the anomalous decay of counterflow turbulence. Experimentally it was observed that after switching off the heater the density of quantised vortices decreased in time, as to be expected. However in the early stages of the decay the process was very slow, and it was even observed that the vortex line density could increase, after turning off the drive. An explanation was provided in [36] where they showed, using the VFM, that the tangle created by counterfow is strongly polarized. However, after switching off the drive, the vortex lines depolarise. As experimental measurements are based on second sound, this depolarisation creates an apparent increase in the measured vortex line density, which is purely an artefact of the measurement process, a truly beautiful result.
However, there are still a number of open and important questions related to the problem of counterflow turbulence. For example there are a number of different turbulent states in counterflow [37] , what is the nature of these different regimes; in particular, is the normal fluid turbulent. Experimentally it is also possible to create pure superflow, where the normal fluid is held static. Whilst initially this may seem purely a Galilean transform of the problem of counterflow, results [38] indicate differences between the two states. As has already demonstrated, the VFM should prove an important tool to help answer these questions.
TWO-FLUID TURBULENCE
Whilst thermal counterflow is a unique form of turbulence, possible only in quantum fluids, one of the main motivations behind the study of QT is in the so-called semi-classical regime, where the statistical properties of the turbulence show tantalising similarities with normal viscous fluids. In particular this regime has been the focus of a number of experimental studies [32, 39] , where the classical Kolmogorov energy spectrum and higher order statistical measures such as structure functions, show agreement with classical studies. This result was also reproduced using the VFM, at 0K, by Araki et al. [40] by studying the evolution of quantised vortices arranged as the classical Taylor-Green vortex.
In addition the VFM has played an important role in allowing us to visualise the structure of the quantised vortices, under the influence of a turbulent normal fluid. A particularly influential study was made by Morris et al. [41] where a full numerical simulation of the Navier-Stokes equation was coupled to the VFM. They observed a locking between vortices in the superfluid component and intense vortical regions in the normal component. This built upon an earlier study by Kivotides [42] where a similar result was obtained, but for a frozen normal fluid velocity field, generate by a turbulent tangle of classical vortex filaments.
In a more recent paper Kivotides [26] considered the effect of coherent superfluid vortex bundles on an initially stationary normal fluid. Computations were performed using the VFM coupled to the Navier-Stokes equation, with mutual friction accounted for as a forcing term in the Navier-Stokes. He showed that the induced normalfluid vorticity acquired a similar morphology to the structures in the superfluid fraction, and argued the dynamics of fully developed, two fluid turbulence was depended on interactions of coherent vortical structures in the two components.
Indeed, in classical turbulence these nonlinear structures, vortical 'worms', appear to play a crucial role in the dynamics of the inertial range [43] . In a more recent study Baggaley et al. [34] developed a procedure to decompose the vortex tangle into a coherent 'bundled' component and a random component. Algorithmically this was achieved by convolving the vortex tangle with a cubic spline
where
, h is a characteristic length scale, and
It is appropriate to take h equal to the inter-vortex spacing, this effectively smearing the quantised vorticity to create a continuous vector field in space. Thus at any point an effective 'vorticity' can be defined, in particular vortex points with a high vorticity (above a threshold level based on the root mean squared vorticity) were categorised as part of the coherent component. Analysis of these two components showed that it is the vortex bundles which create the inertial range of the turbulence and the random component is simply advected in the manner of a passive tracer.
In the next section we shall consider the rotating quantum fluids where we shall apply this smoothing algorithm to identify transient coherent structures which appear in the system.
SUPERFLUIDS UNDER ROTATION
Rotating fluids are ubiquitous in the universe, and so the study of classical fluids under rotation forms a vast topic in its own right. Within viscous fluids several different flow profiles have been observed, depending on external conditions etc. In helium superfluids rotation has actively been used to investigate the vortex dynamics. The steady state under constant rotation is typically a vortex array that mimics the normal fluid profile. However, before this steady state is reached, turbulence may appear. This is especially true at low temperatures when the mutual friction is low [49, 50, 53] . The onset and the initialization of turbulence has been attributed to the instability that originates from interaction of the vortex with the container walls [51] [52] [53] .
Vortex Front
In superfluid 3 He-B the vortex core size is large enough that the container surfaces can be prepared to be suitably smooth, and the critical velocity for vortex nucleation due to surface roughness can adjusted large enough, to provide a vortex free rotation (so-called Landau state) even at relatively large rotation velocities. Now, if vorticity is introduced, for example using the Kelvin-Helmholz instability of the AB-phase boundary [54] , a propagating vortex front can be generated. The front separates a vortex free region from a vortex array as illustrated in Fig. 2 . At low enough temperatures the front becomes turbulent and the vortex array behind the front becomes twisted, eventually relaxing to straight vortices [55] . The propagation velocity of the front is proportional to the dissipation. At the lowest observable temperatures (T ∼ 0.15T c ) the coupling with the normal fluid almost vanishes, but the energy dissipation still remains finite, orders of magnitudes larger than one would obtain from the laminar prediction [56] . However, the dissipation of angular momentum remains weak, which is seen from the rotation velocity of the vortex array behind the front. At lowest temperatures this rotation velocity drops much below the rotation velocity of the cylindrical cell [57] . In a way, the vortex motion decouples from the external refer- ence frame of the rotating cylinder. All of these features are also observed in vortex filament simulations [56, 57] . Most recently the VFM helped to develop a simple model, which explains the observed behavior [58] .
The filament model can also be used to visualize the vortex front in more detail, since experimentally the measurements are performed using NMR imaging that is only sensitive to the average counterflow in the vicinity of the coil, which does not provide information about individual vortex motion. Currently numerical resolution limits the lowest temperatures that can be simulated, since as the temperature is lowered, smaller and smaller scale structures appear, which dominate the mutual friction dissipation. Therefore, the zero temperature limit requires either much better resolution, or inclusion of novel dissipation mechanisms, other than mutual friction. In case of 3 He-B, for example, one could include the vortex core dissipation introduced by Silaev [59] .
The largest discrepancy between simulations and experiments is the initialization of the front. Experimentally the front can be initialized at low temperatures by few seed vortices that interact and soon generate a large number of vortices during a turbulent burst. These vortices then expand and form a front. However in numerical simulations with the VFM, the initialization of the front must be done using a large number of vortices. Taking into account surface friction or pinning might remove this discrepancy.
Coherent structures
In this article, we have applied the cubic spline smoothing, Eq. (4), on the vortex structures that appear during the spin-up (by suddenly increasing the rotation velocity) of the superfluid component, in the case of a cylinder that is strongly tilted with respect to the rotation axis [60] . These simulations show that coherent vortex structures (vortex bundles) appear, at least at low temperatures. This is illustrated in Fig. 3 , where the initial configuration of a single vortex loop expands due to the applied flow and generates a very polarized vortex tangle, which eventually approximates solid body rotation. We have now identified the vortex clusters, which appear slightly before the configuration reaches the steady state. They appear during the "overshoot" period and quickly merge to the background vorticity. It is also interesting to note that the steady state that approximately mimics the solid body rotation is reached even at zero temperature, where the mutual friction coefficients are set to zero. Naturally, there exists some small numerical dissipation. A somewhat more peculiar feature from these simulations is that the steady state is not fully static, even at somewhat higher temperatures. This might be because the boundary induced velocity in these simulations is only solved approximately (by using image vortices) [60] . Alternatively, the simulations are perhaps stuck in some other local energy minimum, which is not the true minimum.
DECAY OF QUANTUM TURBULENCE

Spin-down
The decay of quantized vortices at low temperatures after a sudden stop of rotation (spin-down) has been analyzed in several experiments, both in superfluid 3 He-B and 4 He-II. The 3 He-B experiments conducted in cylindrical container show a laminar type decay, where the vorticity typically decays as 1/t [53, 62] . In contrast, the experiments in 4 He-II using a cubical container show a turbulent decay, where vorticity decreases faster, proportional to t −3/2 , and is preceeded by a strong overshoot, just after stopping the rotation [50, 61] . Even if the stronger pinning in 4 He-II may favor turbulence over laminar behavior, the recent simulation which used smooth walls, where pinning is neglected, show that the geometry has a strong effect on the decay behavior at low temperatures. Simulations conducted in a sphere, or in a cylinder where the cylinder axis is close to the initial rotation axis, show a laminar decay where the vortices remain highly polarized. In contrast, calculations performed in a cubical geometry, or if the tilt angle for the cylinder is large, indicate turbulent decay [53, 62] .
In cylindrically symmetric containers, the decay of vorticity is observed to occur in a laminar fashion, which can be explained by using the Euler equation for invisid and incompressible flow in uniform rotation. If the initial vorticity corresponds to an equilibrium state given by the initial rotation, Ω 0 , and if the rotation is set to rest, then the solution for radial part of the two-dimensional motion of the vorticity Ω s (t) is given by Ω s = Ω 0 /(1 + t/τ ) [53, 63] . The decay time is simply given by the mutual friction as τ = 1/(2αΩ 0 ). This appropriately models the vorticity in the bulk, where the polarization is near 100% and the coarse-grained vorticity is spatially homogeneous. In simulations the dissipation of vorticity (vortex line length) occurs within a thin boundary layer whose thickness increases as temperature (mutual friction dissipation) decreases [53] . What happens in the zero temperature limit is still a somewhat open question. Presumably, the thickness of the boundary layer increases as T → 0 so that the laminar decay becomes impossible with vanishing mutual friction.
In cubical containers, or if the cylindrical symmetry is broken, e.g. by strongly tilting the cylinder, the decay shows turbulent behavior, even if the polarization remains non-zero (reflecting the long-surviving vortex array). After an initial overshoot, the decay is faster than in the laminar case. Reconnections are here distributed more evenly in the bulk, indicating turbulence in the whole volume. In addition to the vortex array, the most visible indication of coherent structures are the helical distortions of this array. This is illustrated in Fig. 4 where we have applied the vortex smoothing procces on recent spin-down simulations conducted in a cube. These coherent oscillations of the vortex array appear shortly after the rotation is stopped and might be related to the lowest resonant modes. Because the smoothed vorticity resulting from the vortex array is rather uniform and the fluctuations from this level are quite small, the numerical identification of additional structures, if they exist, becomes difficult. However, the faster decay and the apparent absence of different size coherent structures, typical for Kolmogorov turbulence, might indicate that the decay of type t −3/2 is more general than expected.
The decay of a random tangle
Of course the study of turbulent decay is not limited to rotating cases, indeed the decay of homogeneous isotropic turbulence is an important field of research. Here we focus on the decay of QT in the limit of zero temperature. Towards the end of the article we shall focus on the physical mechanisms of energy dissipation, here we shall limit ourself to the scaling of the decay, as this is also readily measured experimentally. Experiments in helium have revealed two distinct regimes of decay of a random tangle of quantised vortices, by monitoring the vortex line density L in time. These are the so-called ultraquantum decay, characterised by L ∼ t −1 , and semi-classical, L ∼ t −3/2 , regimes. Perhaps the most striking example of these two regimes came in a study by Walmsley and Golov [44] . By injecting negative ions into superfluid 4 He, in the zero-temperature limit, they observed the two regimes of turbulence decay. The negative ions (electron bubbles) generated vortex rings, which subsequently interacted, forming a turbulent vortex tangle. After switching of the ion injection the turbulence would then decay. If the injection time was short they observed the ultra quantum regime, whereas for a longer injection time semi-classical behaviour was apparent.
Walmsley and Golov argued that the second regime is associated with the classical Kolmogorov spectrum at low wave numbers, whereas the ultraquantum regime was due to the decay of an unstructured tangle with no dominant large scale flow. Both regimes were also observed in 3 He-B by Bradley et al. [45] , by forcing turbulence with a vibrating grid.
A numerical study, using the VFM, by Fujiyama et al. [46] showed some evidence that a tangle generated by loop injection could exhibit semi-classical behaviour and decay like L ∼ t −3/2 . A more comprehensive study be Baggaley et al. [47] drew inspiration from the experiment of Walmsley and Golov, and considered both short and long injection time. This study reproduced both the ultraquantum and the semi-classical regimes, and by examining both the curvature of the filaments and the superfluid energy spectrum, confirmed the hypothesis of Walmsley and Golov. In the semi-classical regime the initial energy distribution was shifted to large scales, and a Kolmogorov spectrum was formed. If we now revisit the structure of the tangle in the semi-classical simulation, and perform the convolution with a cubic spline, Eq. (5), then we can see coherent bundling of the vortices, potentially due to the strong anisotropy in the loop injection, see Fig. 5 . In the ultraquantum case, as the injection time was short the spectrum decays without this energy transfer, and very little energy is in the large scale motions.
MOTION OF TRACER PARTICLES
In classical fluid mechanics the use of tracer particles and the technique of particle image velocimetry (PIV) are standard techniques to visualise experimental flows [68, 69] In helium superfluids the low temperatures, and the low viscosity of 4 He, strongly limit the usability of different tracer materials. However, in 2005 Zhang et al. managed to visualize the thermal counterflow around a cylinder by using polymer particles. Soon after, Bewley et al. [71] used small micron-size hydrogen particles to directly visualize quantized vortices, and vortex reconnections [22] .
Generally the two fluid nature of helium superfluids complicates the analysis of the tracer particles. The particles may be trapped/affected by the vortex lines or they may simply follow the normal fluid or trace the total mass current. All this depends on temperature, particle size, and fluid velocity as analyzed by Poole et al. [72] . They also concluded that the vortex trapping is a rather common phenomena, appearing e.g. in counterflow turbulence. Kivotides et al. [73] have combined the vortex filament simulations with the equation of motion derived for a spherical particle in Refs. [74, 75] . These self-consistent calculations have been used in a number of studies, to estimate the trapping probabilty and typical trajectories of tracer particles at different temperatures [76] [77] [78] [79] . One outcome of these simulations is that the trapping becomes more probable at higher temperatures.
Even without self-consitent calculations for the tracer particles, simulations have already been used to explain the non-classical (non-Gaussian) velocity distributions observed in counterflow experiments by Paoletti et al. [80] . White et al. [81] , by using the GP equation, and Adachi & Tsubota [82] together with Baggaley & Barenghi [27] , by using the filament model, illustrated that the velocity distribution takes the form P r(v) ∝ v −3 . This simply results from the 1/r velocity field induced by a quantized vortex. The contradiction with experiments by Salort et al. [83] , where the velocity statistics was observed to be classical, was explained by Baggaley & Barenghi [84] , who noticed that on scales larger than inter-vortex distance the quantum turbulence exhibits again quasiclassical behaviour.
VIBRATING OBJECTS
A common method to generate turbulence in helium superfluids is to use vibrating objects, see e.g. Refs. [64, 65] and references therein. A vibrating wire, sphere, grid, or a quartz tuning fork generates a vortex tangle around it, which can be experimentally observed by measuring the extra dissipation. At small drives the measured damping force is linear with respect to oscillating velocity and can be explained by ballistic phonon scattering for 4 He-II. For larger drive forces a nonlinear turbulent drag can be observed which is attributed to turbulence in the superfluid component. The drag force also takes a similar form to that seen in classical viscous fluids, with the exception that the force is not simply proportional to v 2 but rather to (v 2 − v 2 0 ) reflecting that the turbulence only occurs above some critical velocity v c [65, 85] . At velocities slightly above v c one typically observes hysteresis and switching phenomena between laminar and turbulent states [86] [87] [88] .
A turbulent burst around a vibrating sphere at large enough velocities was first observed in vortex filament simulations by Hänninen et al. [64] . Those simulations did not reach a steady state, which was later obtained in simulations by Nakatsuji et al. [66] . They additionally analyzed the size and the direction distribution of emitted vortex loops that escape from the vortex tangle around the sphere. The simulations by Goto et al. [67] verified the experimental observation that turbulence around a vibrating wire can be triggered and kept alive by simply injecting small vortex loops from another wire that is in turbulent state. Currently the simulations related to vibrating objects lack a fully self-consistent treatment that takes into account the force experienced by the vibrating object due to quantized vortices. In the future, these kind of simulations might give us more insight what is really happening around wires and grids and they might explain also the switching phenomena between the laminar and turbulent states.
KELVIN-WAVE CASCADE
If the temperature is relatively large (greater than 1K in 4 He), turbulent kinetic energy contained in the superfluid component is transferred by mutual friction into the normal fluid, and subsequently into heat via viscous heating. A constant supply of energy (continuous stirring for example) is needed to maintain the intensity of the turbulence. At very low temperatures the normal fluid is negligible, but despite the absence of mutual friction, the turbulence still decays [44, 90] . The Kelvin-wave cascade (KWC) [13] is perhaps the most important of the proposed mechanisms to explain this surprising effect.
Kelvin waves are a classical phenomena [89] , a rotating sinusoidal or helical perturbation of the core of a concentrated vortex filament. The KWC is the process in which the nonlinear interaction of Kelvin waves create higher frequency modes. At very high frequency (where the wavelength is atomic scale) sound is efficiently radiated away (phonon emission) by rapidly rotating vortices. Hence in contrast to classical turbulence, where the energy sink is viscous, in QT the energy sink is acoustic. Crucially Kelvin waves are easily generated in QT, vortex reconnections typically create a high curvature cusp [91] , which acts as a mechanism to transfer energy from three dimensional hydrodynamic turbulence, to one-dimensional wave turbulence along the vortex filaments.
It is currently believed that there are two regimes in the KWC, one corresponding to large amplitude waves, and another to a low amplitude, weakly nonlinear regime, where the theory of wave turbulence can be applied [92] . It is in this weakly nonlinear regime where the VFM can play a crucial role in distinguishing between a number of proposed theories [93] [94] [95] . The key prediction of each theory is in the spectrum of the kelvon occupation numbers, with each giving different power-law scalings, n k ∼ k −α . In particular Kozik and Svistunov (KS) [93] proposed α = 17/5, L'vov et al. [94] claimed the KS spectrum was invalid, due to the assumption of locality of interactions, and proposed a nonlocal theory which predicted α = 11/3. Whilst it is not simply the spectrum of n k which distinguishes these two theories, this is perhaps the easiest statistic to compute with the VFM, as n k is related to the Kelvin-wave amplitudes. However, the fact that these exponents are so similar, clearly provides a huge computational challenge, if one is to provide strong evidence for either theory.
Vinen et al. [96] considered a rectilinear vortex in a periodic domain, KWs were excited with an external superflow, which forced a single planar KW mode . They observed a spectrum consistent with α = 3, although visual inspection shows a slightly steeper spectrum. Later Kozik & Svistunov [97] developed a scaleseparation scheme, significantly reducing the cost of a full Biot-Savart simulation, and argued that their simulation showed strong evidence of the n k ∼ k −17/5 spectrum, in agreement with their theoretical predictions. Baggaley & Barenghi [98] considered the KWC driven by reconnecting vortex rings and showed a spectrum consistent with rival theories, α > 3, however a more refined prediction was not possible. The problem of numerical approaches to the KWC was crystallised in a recent article by Hänninen & Hietala [99] . They showed that erroneous numerical methods can result in a spectrum that is totally incorrect, but still very close to the spectrum predicted theoretically. Indeed we would argue that no convincing evidence for either theory has yet been demonstrated using the VFM, and this remains an open and challenging problem.
Bottleneck?
Whilst much attention has focused on the KWC, perhaps of more importance, in particular to experimental interpretation, is how the 1D KWC matches to the 3D hydrodynamic energy spectrum. Once again rival theories have been proposed by the groups of Kozik & Svistunov and L'vov and collaborators. To summarise the situation briefly, L'vov et al. predict a bottleneck in energy, which is required for continuity in the energy flux at the crossover scale, and so one should expect an increase in the vortex line density, at scales of the order of the intervortex spacing, . This is countered by KS [100] , who argued for a number of different reconnection regimes between the Kolmogorov and Kelvin wave spectra, which does not create such a bottleneck. Again this is an open and important question, which has yet to be studied in detail using the VFM. The large range of scales involved means that new numerical approaches, such as the tree-code discussed earlier, will be vital to make any progress.
CONCLUSIONS
To summarise we hope that the reader will agree that the VFM has proven to be a valuable tool in the study of superfluid turbulence, and quantised vortex dynamics. Of course despite some of the success stories we have described here, there is still much work to be done. Much attention in the literature has focused on the Kelvin-wave cascade, and perhaps rightly so. However other decay mechanisms, such as loop emission due to vortex reconnections [101] , warrant further investigation. Indeed they could play an important role in the decay of the unstructured 'Vinen' tangle.
The field itself will of course be driven by experimental studies, and it is an exciting time with many new investigations planned in the near future. However the role of the VFM in aiding to analyse and interpret this experimental data, and test, refine and motivate analytic theories remains important.
However, superfluid turbulence is not just found in the laboratory. There are important astrophysical applications. Current theory strongly suggests that the outer core of neutron stars consists of neutrons in a superfluid state. Due to incredibly rapid rotation we would expect this superfluid to be threaded by quantised vortices, pinned to the solid outer crust. Interesting phenomena, such as rapid changes in the rotation rate, are observed and thought to be related to the behaviour of the quantised vortices [102] . Such a system could be reasonably modelled with the VFM and it remains an interesting problem awaiting such an investigation. This work is supported by the EU 7th Framework Programme (FP7/2007-2013, grant 228464 Microkelvin). R.H. acknowledge financial support from the Academy of Finland. R.H would also like to thank N. Hietala for useful discussions and CSC -IT Center for Science Ltd for the allocation of computational resources.
